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I point out a simple expression for the “Hubble” parameter H defined by Borde, Guth and Vilenkin
(BGV) in their proof of past incompleteness of inflationary spacetimes. I show that H is equal to the
fractional rate of change of the magnitude of the Jacobi field ξ of the congruence u used by BGV,
measured along the points of intersection of an arbitrary observer O with u. I analyse the notion of
expansion as determined by H in (i) FLRW spacetimes, (ii) Schwarzschild spacetime, where an exact
expression for H for congruence of radial geodesics is possible to obtain. Implications of the result,
particularly for classical and quantum structure of spacetime singularities, are briefly discussed.
The BGV theorem illustrates past geodesic incomplete-
ness of inflationary universes under very plausible as-
sumptions, without appealing to field equations or energy
conditions. Instead, the theorem uses a well motivated
kinematical setup to define the “expansion rate” H that
an observer O will associate with a given congruence in
an arbitrary curved spacetime.
I here show that the BGV expression for H can be cast
completely in terms of the Jacobi fields (geodesic devia-
tion) associated with the congruence.
FIG. 1: The geometric setup for the BGV theorem.
The Jacobi field (the geodesic deviation vector) ξ along
the intersection points would be parallel to
v⊥ = v + (v · u)u
I. REWRITING H
In [1], the expansion rate of a geodesic congreunce u,
as measured by an observer O with four velocity v, is
defined as
H =
(n · ∇vu) ∆λ
(n · v) ∆λ (1)
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where λ is the parameter along v, and n is a unit vector
orthogonal to u, such that v = γ (u+ vn), with γ =
(1− v2)−1/2.
It is then easy to show that
H = n · ∇nu (2)
At this point, we note that H is being measured by the
observer O at each of its intersections with u. There-
fore, there is a one to one correspondence between n, and
the Jacobi field/geodesic deviation vector ξ that connects
two nearby geodesics of the congruence which O inter-
sects in succession. Specifically, we can write ξ = ξn.
Now, using the fact that Luξ = [u, ξ] = 0, it is easy to
show that
∇nu = ∇un+ n∇u ln ξ (3)
which immediately yields
H = ∇u ln ξ (4)
Note that we have not assumed v to be a geodesic. For
sake of completeness, we also quote the expression de-
rived in BGV. A few simple manipulations yield
H = − 1
γ2 − 1
(∇vγ + u · a(v)) (5)
where a(v) = ∇vv is the acceleration of v. For a(v) = 0,
this gives
H = ∇v
[
ln
√
γ + 1
γ − 1
]
(6)
which is the result in BGV.
II. GEODESIC INCOMLPETENESS
We now consider the average
Havg =
∫ τf
τi
Hdτ
∆τ
(7)
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2where τ is the proper time along u (this is different from
BGV, where the average is taken along v). This results
in
ξf
ξi
= exp [Havg∆τ ] (8)
Now suppose that ξ is bounded above by, say 1/
√
Λ,
and also below by, say, `0.
Comment 1: Though the upper bound might come
from size of the observable universe, there is no reason
to expect a direct connection since a bound on size
does not necessarily imply that geodesics are bounded
within it. A more precise characterisation, for example,
in terms of causal structure, is needed for this. Here we
simply assume such a bound exists. The lower bound
is expected to come from quantum gravitational fluctu-
ations, and their effects on (de-)focussing of geodesics
[2–6].
Assuming such bounds exist, ξf < 1/
√
Λ and ξi > `0, so
that
ξf
ξi
<
1√
Λ`20
(9)
This immediately implies, for Havg > 0,
∆τ <
1
2Havg
ln
(
1
Λ`20
)
(10)
The implications of the above result are:
1. For Λ`20 = 0, the congruence would be geodesically
complete. This would happen if either Λ = 0 or
`0 = 0.
2. For Λ`20 < 1, the congruence would be geodesi-
cally incomplete and can not be extended beyond
a proper time
∆τmax = −(2Havg)−1 ln
(
Λ`20
)
Comment 2: I must emphasise that the above com-
ments only imply geodesic (in)completeness of the
congruence u. The original BGV theorem still applies,
of course, for the geodesic observer v, implying incom-
pleteness.
III. EVOLUTION OF H
Having expressed H in terms of geodesic deviation, one
can use the geodesic deviation equation
∇u∇uξa = Raijmuiujξm (11)
to evaluate the derivative ofH along u, which is expected
to be of interest as a measure of acceleration associated
with the expansion of the congruence by an arbitrary
observer. A straightforward computation gives
∇2uξ
ξ
= −Rabcduanbucnd + (∇un)2 (12)
or, in terms of H,
∇uH = −Rabcduanbucnd + (∇un)2 −H2 (13)
It is also worth quoting that, when ∇un = 0, one can
write
H = − H˙
H2
= 1 +H−2Rabcduanbucnd (14)
The quantity H is, of course, motivated by the (Hubble)
slow roll parameter used in inflationary cosmology.
A. Comparision with “expansion” and
Raychaudhuri equation
The equation for geodesic deviation is very closely con-
nected with the Raychaudhuri equation which determines
the evolution of the expansion scalar Θ =∇·u. Defining
HΘ = Θ/(D − 1), the Raychaudhuri equation becomes
∇uHΘ = − 1
(D − 1)Rabu
aub − 1
(D − 1)
(
σ2 − ω2)−H2Θ
(15)
One can then compare Eq. (15) and Eq. (13), after ig-
noring shear and rotation in the former and (∇un)2 in
the latter. In this case, Eq. (13) reduces to Eq. (15)
if one averages over the directions n that is determined
by the observer; that is, upon making the replacement
nanb → hab/(D − 1), with hab = gab + uaub.
IV. EXAMPLES
Let us analyze the expression for H derived above in
some cases of physical interest. All of these exam-
ples highlight the un-explored features of very well ex-
plored spacetimes (FLRW, maximally symmetric space-
times, Schwarzschild), and hence shed new light on the
fundamental issue of what it means to characterize a
“spacetime” or a “space” to be expanding. This point
is brought to a particularly sharp focus by the example
of Schwarzschild spacetime stated below.
3A. The Universe
Perturbed FLRW models
For the unperturbed FLRW spacetime described by the
metric ds2 = −dt2 + a(t)2d`2 (where d`2 is the spatial
metric), we have ξ ∝ a(t) it is obvious that H = a˙/a,
which coincides with the standard definition of the Hub-
ble parameter. To understand the difference from the
standard definition, let us consider a model of perturbed
FLRW spacetime. For simplicity, we will work in two
dimensions and choose the synchronous gauge: ds2 =
−dt2 + a(t)2 (1 + h(t, x)) dx2. In this case, to first order,
H = a˙/a+ (1/2)h˙, which is as expected.
Maximally symmetric spacetimes
Next, let us consider maximally symmetric spacetimes
characterised by
Rabcd =
R
D(D − 1) (gacgbd − gadgbc) (16)
where R is the Ricci scalar, and is a constant. It then
follows that Rabcdu
anbucnd = −R/(D(D − 1)). Eq. (12)
then becomes (with ξ¨ = d2ξ/dτ2)
ξ¨ =
R
D(D − 1)ξ (17)
whose solutions are linear combinations of e±H0τ for
R > 0, and of e±iH0τ for R < 0, where H0 =√|R|/(D(D − 1)). The “Hubble” parameter H is then
determined from these easily. In particular, for R > 0, it
is easy to show that lim
τ→∞H = H0 =
√
R/(D(D − 1)).
It is worth pointing out here the following result which
follows from Eq. (14): 1
H = − H˙
H2
= 1− 1
D(D − 1)H
−2R (18)
For R > 0, lim
τ→∞ H = 0.
B. Schwarzschild spacetime
Schwarzschild geometry provides the most unexpected
case for which the notion of a “Hubble” expansion can
been considered. But we can nevertheless apply the
1 Note that, since u·∇un = 0 = n·∇un,∇un solely lives in the
(D− 2) space with normals u and n. When no special direction
exists in this subspace, this term will be zero.
mathematical set-up to this case. For simplicity, I will
focus on radial geodesics, starting from rest from r = R.
The relevant expressions for the trajectory can be found,
for example, in [7]. A detailed but straightforward al-
gebra then yields the following differential equation for
ξ(η)
ξ′′ + tan(η/2) ξ′ − sec2(η/2) ξ = 0 (19)
where η = 2 arccos
√
r/R. The proper time along the
geodesics is related to η by τ/a = (1/2)(R/a)3/2(η +
sin η), where a = 2GM/c2 is the Schwarzschild horizon
radius. The above equation has an exact solution, which
can be written as
ξ(η) =
1
4
ξ(0)
[
5− cos η +
(
8ξ˙(0)R3/2
ξ(0)
√
a
+ 3η
)
tan(η/2)
]
(20)
where ξ˙(0) = (dξ/dτ)τ=0. It then follows that
H =
d ln ξ
dτ
=
√
a
2R3/2
ξ(0)
ξ(η)
8ξ˙(0)R3/2
ξ(0)
√
a
+ 3η + (4 + cos η) sin η
(1 + cos η)2
(21)
Two interesting limits of this are
lim
r→R
H =
ξ˙(0)
ξ(0)
lim
r→0
H = ∞ (22)
FIG. 2: H as a function of η, for different values of
ξ˙(0) = 0 (black), 0.25 (orange), 0.35 (red), 0.75 (blue).
The plot in Fig. 2 shows the behaviour ofH: it decreases
initially till some radius, and then increases, except when
ξ˙(0) = 0.
It is also interesting to consider the case when ξ˙(0) < 0.
That is, the initial (relative) separation between the
geodesics is decreasing. In this case, one obtains, from
4the relevant plots and a little bit of numerical anal-
ysis, that ξ → 0 whenever |ξ˙(0)| & 1.2ξ(0)√a/R3/2;
these zeroes of ξ all occur for η . 2.15. If |ξ˙(0)| .
1.2ξ(0)
√
a/R3/2, the geodesics would hit the singularity
(r = 0) at η = pi before they cross.
V. SOME REMARKS
The discussion initiated here concerns a deeper fact:
What does it mean to say that a “spacetime” is expand-
ing? As was emphasised already in [1], it is more fruit-
ful to talk of expansion as a property of a congruence
measured by some observer. Our analysis establishes a
direct connection between the usual discussion of expan-
sion through Raychaudhuri equation, and the one that
follows through the physically more appealing construc-
tion given in [1]. There are many different lines of inves-
tigation along which the discussion here can be pursued
further, mainly for its application to study of quantum
structure of spacetime and singularities. Here, we con-
clude by briefly highlight two points of immediate inter-
est.
What is the role of the observer?
Since the expression for H, Eq. (4), only depends on u,
one might ask what role the observer plays in the anal-
ysis. In fact, this is easily clarified by noticing that, the
vector field n is determined by the observer four-velocity
v; specifically, n = (γv)
−1
v − v−1u. Therefore, at any
given intersection point of v with u, the direction of the
Jacobi field ξ is determined by the observer’s motion.
Now, since the time evolution of ξ (Eq. (12)) depends
on n, the corresponding solution will depend on the ob-
server. It will be instructive to have an explicit example
that demonstrates this point.
Quantum fluctuations?
It is, of course, interesting to probe deeper the fate
of geodesic incompleteness, as described by BGV the-
orem, in a complete theory that incorporates quantum
fluctuations of matter fields as well as spacetime. In
Sec. II, while discussing the issue of geodesic incomplete-
ness of the congruence u, the effects of quantum fluctua-
tions were incorporated through the (covariantly defined)
lower bound `0 on distances. The existence of a lower
bound on geodesic intervals seems to a be a generic con-
sequence of combining principles of GR and quantum me-
chanics, and expected to be independent of any specific
model/framework of quantum gravity. A mathematical
formalism that incorporates this into the small structure
of spacetime is presented/developed in some recent work
[2, 3].
It is also interesting to try to address the issue of quan-
tum fluctuations by treating Eq. (13) as a Langevin equa-
tion sourced by a fluctuating Riemann tensor. The fluc-
tuations might arise due to matter fields via the fields
equations, or due to quantum nature of spacetime itself.
Such an analysis can be done along the lines of [4–6]. At
least in linearised gravity, this would yield a specific scal-
ing of quantum fluctuations ∆H in H with `0. Needless
to say, such a scaling acquires importance not only from
an observational point of view, but also in understand-
ing better the so called cosmological constant problem.
Indeed, as is evident from the discussion in Sec. II, the
parameter Λ`20 plays an important role in the issue of
geodesic (in)completeness (of the congruence).
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